Abstract. The creation of active tactile surfaces through electromechanical actuation is an important problem. We describe here the application of time-reversed acoustics to the creation of deformations localized in time and in space in a stretched membrane that can be touched. We discuss the basic physical and engineering tradeoffs of this approach and describe the results obtained from an experimental mock-up device.
Introduction
The electromechanical stimulation of the fingertip has attracted the interest of researchers since the early works of Gault [1, 2] . Recently there has been a lot of interest in providing active surfaces that can stimulate the fingertips mechanically, while permitting free exploration.
This question has been approached by vibrating the entire surface being touched, in the normal or tangential directions, as is commonly done is consumer devices. Another approach is to modulate the interaction force between a finger and a surface during sliding. Surface acoustic waves can be employed to this end, but require the use of an thin intermediary sheet between the finger and the surface [3, 4] . Nonlinear acoustic pumping applied to tactile stimulation was pioneered by Watanabe and Fukui [5] . This approach, which modifies the finger-surface interaction in a controlled manner, and without intermediary, has been recently further developed [6, 7, 8, 9] . Electro-vibration, where the interaction force modulation is achieved by electrostatic attraction between the surface and the skin, originally demonstrated by Strong and Troxel [10] , remains popular today owing to its implementation simplicity [11] , despite its inherent weakness and sensitivity to physiological and environmental factors [12] . Another direction of investigation is the transport of mechanical energy through waves. Acoustic phase arrays can create significant non-contact stimulation from remotized transducers, as shown by Iwamoto et al. [13] . They were also further developed to create specific tactile patterns [14] .
Here, we describe a new surface actuation mode, which combines the remotization of the actuators with an active tactile surface delivering the stimulation. It is based on the concept of 'computational time reversal' and is able to stimulate to one or several regions, and hence several fingers, independently with a high temporal and spatial resolution, using a membrane as an acoustic propagation medium. We discuss in this article the basic physical and realization tradeoffs and report on a proof-of-concept device that can displace a surface out-of-plane by 200 micro-meters in a 1 cm 2 region.
Time Reversal

Principle
Time-reversal is a computational technique that takes advantage of a basic property of waves which, at first sight, seems to run counter to the principle of irreversibility [15] . For instance, owing to the irreversibility of certain processes, it is not possible to reconstruct the exact configuration of a broken glass from scattered pieces, even if each single atom on each side of the cracks can be brought back its original place. Macroscopic waves, however, obey a fundamental symmetry arising from the wave equation
The equation is invariant under substitution of t by −t, which means that the initial and final conditions can be interchanged. This property holds even with complex, anisotropic, inhomogenous, nonlinear media, where the right-hand-side, involving the Laplacian operator, can be arbitrarily complicated, provided that it has no memory and does not depend on time. If the medium is dissipative, with terms involving ∂u/∂t, the symmetry is broken, but the losses can be corrected for [16] .
Computational time-reversal was originally developed to focus ultrasound waves in inhomogeneous, scattering media such as tissues [17] . Since then, it has been applied to surface waves in water, electromagnetic waves, sound waves within the audible range, and other cases. It has applications in medical imaging, lithotripsy, non-destructive testing, communications as well as many other areas.
Basic Theory
In a bounded domain, Ω, let h AB (t) represent the measured velocity of a material point, B, resulting from the application of an impulse of force applied at time t = 0 at point A. The reciprocity principle lets us interchange the sensor and the actuator, so that the signal recorded at A due to an impulse of force applied at B is the same, that is, h AB (t) = h BA (t). Suppose now that the force applied at B is the response at A to an impulse applied at B, but inverted and shifted in time by T , that is, f B (t) = h AB (T − t), the velocity at a point C is given by where ⊗ denotes the convolution operation. If h AB and h BC are not correlated, waves interfere non-constructively, giving a background noise that can be modeled by a random signal with zero-mean velocity and standard deviation σ [18] . Applying the reciprocity principle, setting C = A, and time t = T in (1) gives,
The interference is now constructive, yielding a peak of signal localized in space and in time. This process is graphically represented in Fig. 1 for a two dimensional domain.
Physical and Engineering Tradeoffs
A time-reversal set-up typically involves an array of transducers located at the periphery of the domain of interest. The number of transducers can even be reduced to one when the domain has reverberant properties and if the transducer has sufficient bandwidth. The reduction of the number of transducers, which comes with possible gains in implementation complexity, also comes with a cost in performance as illustrated in Fig. 2a . Sets, connected or not, and of any measure, can theoretically be reconstructed. Multi-digit, whole hand stimulation, etc, thus does not differ in principle from the single region example illustrated in Fig. 2b . Repetitions in time are easily achieved by convolution of the signals by a Dirac comb. All these possibilities are crucially dependent on achieving sufficient resolution in time, space, and signal magnitude. It is therefore important to develop, from first principles, the basic tradeoffs involved. 
Contrast Ratio
The ratio C = v A (T )/σ is called contrast, or signal-to-noise ratio, at point A.
Intuitively, this ratio increases with the introduction of higher modes that have smaller wavelengths. According to the time-frequency uncertainty principle, the time needed to resolve two frequencies Δt, is inversely proportional to their difference, Δf , that is, ΔtΔf ∼ 1. A longer time-reversed window, T , makes it possible to resolve mode separated by smaller Δf 's, thus increasing contrast.
With one actuator in a chaotic cavity [19] , or in a scattering medium [18] , contrast increases with √ T . Higher modes become impossible to resolve with the consequence that, when T approaches their decay characteristic time, τ , contrast no longer follows a square root law and reaches a limit. With N actuators, however, simultaneously reproducing inverted impulse responses sum their contributions at any point. Contrast, then, follows the trend C ∝ √ N T , as long as T < τ, which is equivalent to increasing the length of the time-reversed window.
Cavity Reverberation
Cavity having the longest characteristic time possible would seem to be advantageous at first sight. During the reconstruction process, waves converge toward the reconstructed set and then diverge once t > T . The time during which diverging waves reverberate before dying out is determined by τ . Repetition of the process at rate faster than 1/τ , will cause noise to accumulate, lowering contrast. The reverberation characteristic time, τ , should therefore be of the same order than T /N to achieve good contrast ratio while raising the reconstruction frequency. A larger number of actuators makes it possible to design the cavity with a shorter reverberation characteristic time.
Spatial Resolution
A factor which must be considered when applying the time-reversal approach to tactile stimulation is that of spatial resolution. It is driven by the smallest reconstructed spot of diameter, , which is bounded by the smallest wavelength, λ − = c/f + , where c is the medium's wave propagation celerity, and f + the frequency used in the re-focusing process. For a same displacement amplitude, smaller wavelengths can be achieved either by increasing the range of frequencies or by lowering propagation celerity. The focused impulse duration, ζ, corresponds to the inverse of the largest frequency used in the re-focusing process giving, ζ < /c. A low celerity has an additional benefit. A given amplitude can be achieved with lower frequencies and hence with less power.
Medium Deformation
The focused point size is given by the smallest wavelength used in the reconstruction process and amplitude must be sufficient to fall into the range tactile sensibility. The propagation medium must therefore be able sufficient displacement gradients, that is, deformation. As exemplified in Section 4, the Young's modulus of a material and the smallest achievable bending radius of a membrane are not independent quantities, suggesting that more elastic materials employed in manufacturing of the propagation medium are favorable, lowering propagation velocity, shortening wavelengths, and achieving higher deformations.
Power Transmission to a Finger
Stimulation techniques must transfer power into the load. Here, the stimulated finger perturbs wave propagation when it is coupled to the medium, causing phase shifts and wave front attenuation. To gauge these effects, we developed a simple model of interaction between a finger and flexural waves, see Fig. 3 . The finger is lumped into a mass-spring-damper system and waves propagate in an infinite strip of width, l, representing the width of the contact. An incident wave of wavelength, λ = 2π/k, amplitude, A I , propagates at celerity, c = ω/k, along the x-axis, u I (x, t) = A I e j(ωt−kx) . There are two other waves, u R (x, t) = A R e j(ωt−kx) and u T (x, t) = A T e j(ωt−kx) , the reflected wave and the transmitted wave, respectively. The power transported by u I is P I = c 2 k 2 Z S |A I | 2 , where Z S = f act /v I is impedance of the strip at the point of actuation and v I = ∂u I /∂t is the out-of-plane velocity [20] . At x = 0, finger displacement has the amplitude of the transmitted wave, u F (t) = u T (0, t). Enforcing continuity of displacement and conservation of momentum at x = 0 gives, where Z S is the lumped impedance of the strip at the contact and
is the impedance of the finger where, μ, β, and κ are mass, damping, and stiffness respectively. Expressing the power of the incident wave as a function of the finger displacement gives,
showing that slow propagation celerity achieves the same displacement for less power. It shows also that Z S should be larger than Z F to prevent muffling. On the other hand, as is well known, optimal transmission is when Z F = Z S . For an isotropic thin strip under uniform traction,
where the lineic bending stiffness is,
Eh 3 l, and where, E, is the strip Young's Modulus, l, the width, h, the thickness, ρ l , the lineic mass density, and R l , the lineic tension. This simple model, while ignoring scattering and finite contact size effects, indicates that if a membrane is used as transmission medium, its material should have high density and low stiffness. Assuming reasonable values for a fingertip impedance, μ = 0.2 g, β = 1.0 N·s/m and κ = 1.0 N/mm, see [21] , λ = 15 mm, l = 10 mm, we can evaluate the appropriateness of some materials for the application of time-reversed acoustics to tactile stimulation in terms of the power needed to displace the skin of a finger, see Table 1 . A two-dimensional cavity of surface area S, perimeter P and wave celerity c(f ), has M mode below a frequency f according to M (f ) = πS (f /c) 2 + (P f)/(2c), see [22] . It follows that the separation, Δf , between two modes is given by 2c 2 /(4πSf + P c) = 2c 2 /(4πSck + P c) = 2c/(2Sk + P ). Following the discussion of Section 3.1, the time reversal window duration was set at T ∼ (2Sk max + P )/(2N c min ) 30 ms.
Preliminary Validation
Waves were re-focused onto two points, E and F at 2 and 5 Hz, respectively to re-create time-space impulses. Displacements were recorded by a laser vibrometer and synchronized with the emissions. The results are plotted in Fig 4 for various locations on the membrane. The pulses in E and F achieved 40 μm in amplitude. At any other point, background noise was present with same amplitude as in E and F.
For the same contrast ratio, the peak amplitude could reach 200 μm by scaling up the signal. When a finger touched the surface the amplitude of the signal and of the noise was attenuated by a factor 5. It was also possible to scale down the signals so that the background noise fell below the tactile sensitivity while keeping the sensation experienced in E and F above threshold. The signal bandwidth fell within the audible range and could be heard, but since the sound was a reproduction of an actual impact, it did sound exactly like an impact. The tactile and auditory experiences were therefore mutually coherent.
Conclusion
Computational time reversal was successfully applied to focusing flexural waves to a spot of similar size to a finger contact, and with amplitudes compatible with the tactile sensitivity range. Further research will aim at increasing the contrast ratio to obtain more vivid stimuli, keeping in mind that the stretched membrane approach is only one among many other options for a propagation medium.
The ability of reconstructing arbitrary waveforms within arbitrary sets can be approached either by pre-computing response libraries or in a discrete manner or applying the appropriate interpolation laws, or by the development of a model which is sufficiently accurate and computationally acceptable to calculate impulse responses offline, or even online, using advanced computational methods.
